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Abstract
An alternative class of the Lagrangian called the multiplicative form is suc-
cessfully derived for a system with one degree of freedom for both non-relativistic
and relativistic cases. This new Lagrangian can be considered as a 1-parameter:
λ extended class from the standard additive form of the Lagrangian since both
yield the same equation of motion. Remarkably, the multiplicative form of the
Lagrangian could be treated as a generating function to produce an infinite hierar-
chy of Lagrangians which give the same equation of motion. This nontrivial set of
Lagrangians confirms that indeed Lagrange function is not unique.
1 Introduction
The Lagrangian formalism is one of the standard methods in classical mechanics.
The Lagrange function and its associated equations of motion are expressed in terms
of generalised coordinates. The advantage of this method is that it helps identifying
the conserved quantities through the cyclic variables. Furthermore, one may employ
the Noether’s theorem to find conservation laws. The form of the Lagrangian can
be expressed in terms of energy scalar functions which, in this paper, is called
a standard additive form. Using Legendre transformation, one can construct the
Hamilton function and we can study the system from the Hamiltonian formalism
point of view.
It is commonly well known that the Lagrangian possesses a non-uniqueness prop-
erty. We can multiply a constant β or add up a constant α to the Lagrangian:
L→ βL+ α, leaving no effect to the equation of motion of the system because the
Euler-Lagrange equations involve only derivatives of the Lagrangian. We also can
∗Corresponding author, email: syookong@gmail.com
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add the total derivative term to the Lagrangian: L→ L+
df(x, t)
dt
, affecting nothing
to the equations of motion of the system.
An interesting point is the following. With the given equations of motion, we
must first find the corresponding Lagrangian if we would like to work in the La-
grangian formalism. Some attempts had been done in [1] (and references therein)
to solve for the Lagrangian, but the general mechanism is still open. In this paper,
we ask the following questions: Is there an alternative form of the Lagrangian, as
well as its associated Hamiltonian, apart from the standard additive one? And if
so, can they be solved systematically?
The organisation of the paper is as follows. In section 2, we set out to find the
multiplicative Lagrangian for the non-relativistic case with one degree of freedom.
Then we establish the Legendre transformation between multiplicative Hamiltonian
and multiplicative Lagrangian. We also solve the multiplicative Hamiltonian and
compare the result with the Legendre transformation. An interesting observation
of the multiplicative form of the Lagrangian will be made as a generating function
for an infinite hierarchy of Lagrangians. In section 3, we extend the idea to the
relativistic case to solve for the multiplicative Lagrangian and multiplicative Hamil-
tonian. The infinite hierarchy of Lagrangians is also considered. Finally in the last
section, we give the summary with some remarks.
2 Non-relativistic case
In this section, we are interested a system with one degree of freedom and the
equation of motion is given by
mx¨ = −
dV (x)
dx
, (2.1)
where V (x) is the potential. The Lagrangian can be written in the form
LN (x, x˙) = T (x˙)− V (x) , (2.2)
where T (x˙) = mx˙2/2 which is the kinetic energy. Using Legendre transformation,
we obtain the Hamiltonian
HN(p, x) = px˙− L(x, x˙) = T (p) + V (x) , (2.3)
where T (p) = p2/2m which is the kinetic energy, but in terms of momentum variable:
p = mx˙. Equation (2.1) then can be written in the form
p˙ = −
dV (x)
dx
. (2.4)
We now ask whether there exists an alternative form of the Lagrangian as well as
the Hamiltonian to produce the same equation of motion.
2.1 Multiplicative Lagrangian
To answer the question, we start with an Ansatz form1 of the Lagrangian L =
F (x˙)G(x), where F and G are yet to be determined. We now find that the action
1This form is inspired by the result in [2].
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functional is
S[x] =
∫ T
0
L(x˙, x)dt =
∫ T
0
F (x˙)G(x)dt . (2.5)
According to the variational principle, we find that
S[x+ δx] =
∫ T
0
L(x˙+ δx˙, x + δx)dt =
∫ T
0
F (x˙+ δx˙) G(x+ δx)dt
S + δS + ... =
∫ T
0
([
F (x˙) + δx˙
dF (x˙)
dx˙
+ ...
] [
G(x) + δx
dG(x)
dx
+ ...
])
dt
=
∫ T
0
(
F (x˙)G(x) + δx˙
dF (x˙)
dx˙
G(x) + δxF (x˙)
dG(x)
dx
+ ...
)
dt
δS =
∫ T
0
(
δx˙
dF (x˙)
dx˙
G(x) + δxF (x˙)
dG(x)
dx
)
dt
=
∫ T
0
(
−
d
dt
(
G(x)
dF (x˙)
dx˙
)
+ F (x˙)
dG(x)
dx
)
δxdt , (2.6)
with the use of δx(0) = δx(T ) = 0. According to (2.6), δS vanishes if
F (x˙)
dG(x)
dx
−
d
dt
(
G(x)
dF (x˙)
dx˙
)
= 0 , (2.7)
which could be treated as a new Euler-Lagrange equation associated with the mul-
tiplicative Lagrangian. Furthermore, (2.7) can be re-written in the form
1
x¨G
dG
dx
(
F − x˙
dF
dx˙
)
−
d2F
dx˙2
= 0 . (2.8)
Using the technique of separation of variables, we set
1
x¨G
dG
dx
= A⇒
1
G
dG
dx
= Ax¨ . (2.9)
Using equation of motion (2.1), (2.9) becomes
1
G
dG
dx
= −
A
m
dV (x)
dx
, (2.10)
The parameter A is a constant which will be determined later. The solution of (2.9)
is simply taken the form of
G(x) = α1e
−
AV (x)
m , (2.11)
where α1 is a constant. Using (2.9), (2.8) now reduces to
A
(
F − x˙
dF
dx
)
−
d2F
dx˙2
= 0 , (2.12)
and the solution for F takes the form
F (x˙) = α2x˙− α3
(
e−
Ax˙2
2 + x˙A
∫ x˙
0
e−
Av2
2 dv
)
, (2.13)
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where α2 and α3 are constant.
Remark: Equation (2.8) can be modified as follows
1
G
dG
dx
(
F − x˙
dF
dx˙
)
−
1
m
d2F
dx˙2
dV
dx
= −
d2F
dx˙2
(
x¨+
1
m
dV
dx
)
≡ A(x, x˙) .
The condition A(x, x˙) = 0 for arbitrary independent variables x and x˙ must hold for
equations of motion for different Lagrangians to coincide, resulting again to (2.11)
and (2.13).
Using the results of F and G, we then obtain the multiplicative form of the La-
grangian which is given by
L(x, x˙) =
[
k1x˙− k2
(
e−
Ax˙2
2 + x˙A
∫ x˙
0
e−
Av2
2 dv
)]
e−
AV (x)
m , (2.14)
where k1 = α1α2 and k2 = α1α3 are constant and yet to be determined. In order
to identify all the remaining constants, we expand the exponential terms
L =
(
k1x˙− k2
[
1−
Ax˙2
2
+
1
2!
(
Ax˙2
2
)2
− . . .
]
− k2x˙A
∫ x˙
0
[
1−
Av2
2
+
1
2!
(
Av2
2
)2
− . . .
]
dv
)[
1−
AV (x)
m
+
1
2!
(
AV (x)
m
)2
− . . .
]
. (2.15)
It is found that if we take A to be an inverse square of the velocity: λ−2, k1 to be
zero and k2 to be in energy unit: −mλ
2, the Lagrangian (2.15) in the limit that λ
approaches to infinity
lim
λ→∞
L = lim
λ→∞
(
mλ2
[
1−
x˙2
2λ2
+ . . .
]
+mx˙
∫ x˙
0
[
1−
v2
2λ2
+ . . .
]
dv
)
×
(
1−
V (x)
mλ2
+ . . .
)
= lim
λ→∞
mλ2
(
1 +
x˙2
2λ2
+ . . .
)(
1−
V (x)
mλ2
+ . . .
)
= lim
λ→∞
mλ2
(
1 +
x˙2
2λ2
−
V (x)
mλ2
+ . . .
)
lim
λ→∞
(L−mλ2) =
mx˙2
2
− V (x) = LN , (2.16)
where LN is the standard Lagrangian in the additive form (2.2). Thus the La-
grangian takes the form of
Lλ(x, x˙) = mλ
2
(
e−
x˙2
2λ2 +
x˙
λ2
∫ x˙
0
e−
v2
2λ2 dv
)
e−
V (x)
mλ2 , (2.17)
which can be treated as the 1-parameter, namely λ, extended class of the La-
grangian. Indeed, Lagrangian (2.13) leads to the standard Lagrangian in the limit
case (2.12).
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Next, the momentum is given by
pλ =
∂Lλ
∂x˙
= m
(∫ x˙
0
e−
v2
2λ2 dv
)
e−
V (x)
mλ2 , (2.18)
which in the limit that λ approaches to infinity. we recover the standard momen-
tum: lim
λ→∞
pλ = p = mx˙.
Next, we find that
∂Lλ
∂x
=
(
e−
x˙2
2λ2 +
x˙
λ2
∫ x˙
0
e−
v2
2λ2 dv
)
e−
V (x)
mλ2
(
−
dV (x)
dx
)
, (2.19)
∂2Lλ
∂x∂x˙
=
1
λ2
(∫ x˙
0
e−
v2
2λ2 dv
)
e−
V (x)
mλ2
(
−
dV (x)
dx
)
. (2.20)
Substituting (2.19) and (2.20) into the Euler-Lagrange equation,
∂Lλ
∂x
−
d
dt
(
∂Lλ
∂x˙
)
= 0 ,
with the help of the relation
d
dt
(
∂Lλ
∂x˙
)
= x¨
∂2Lλ
∂x˙2
+ x˙
∂2Lλ
∂x∂x˙
, (2.21)
we obtain
0 =
(
e−
x˙2
2λ2 +
x˙
λ2
∫ x˙
0
e−
v2
2λ2 dv
)
e−
V (x)
mλ2
(
−
dV (x)
dx
)
−mx¨
(
e−
x˙2
2λ2
)
e−
V (x)
mλ2
−
x˙
λ2
(∫ x˙
0
e−
v2
2λ2 dv
)
e−
V (x)
mλ2
(
−
dV (x)
dx
)
= e−
x˙2
2λ2
(
−
dV (x)
dx
−mx¨
)
. (2.22)
Equation (2.22) implies the equation of motion (2.1) which completes the quest for
searching an alternative class of the Lagrangian.
2.2 Multiplicative Hamiltonian
In the previous subsection, the multiplicative form of the Lagrangian was estab-
lished. In the additive case, the Hamiltonian and the Lagrangian are connected
through Legendre transformation. Here it is interesting to see how it works in the
case of the multiplicative Lagrangian. According to the Neother’s theorem, we also
find that
dLλ
dt
=
∂Lλ
∂x
x˙+
∂Lλ
∂x˙
x¨
=
d
dt
(
∂Lλ
∂x˙
)
x˙+
∂Lλ
∂x˙
x¨
⇒ 0 =
d
dt
(
∂Lλ
∂x˙
x˙− Lλ(x˙, x)
)
, (2.23)
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which implies that the terms in the bracket must be invariant in time leading to
Hλ(p, x) ≡
∂Lλ
∂x˙
x˙− Lλ(x˙, x) , (2.24)
whereHλ is a new type of the Hamilton function with the parameter λ. Substituting
(2.18) into (2.24) and using p = mx˙, we find
Hλ(p, x) = mλ
2
[(
1
λ2
∫ p
0
e−
ξ2
2m2λ2
dξ
m
)
p
m
−mλ2
(
e−
p2
2m2λ2
+
p
m2λ2
∫ p
0
e−
ξ2
2m2λ2
dξ
m
)]
e−
V (x)
mλ2
= −mλ2e−
p2
2m2λ2 e−
V (x)
mλ2 = −mλ2e−
HN
mλ2 , (2.25)
which can be considered as the 1-parameter, namely λ, extended class of the Hamil-
tonian.
Next, we show how to construct the multiplicative Hamiltonian. It is assumed
that the Hamiltonian takes an Ansatz form Hλ = K(p)B(x) and it satisfies the
Hamilton equation.
x˙ =
∂Hλ
∂p
, p˙ = −
∂Hλ
∂x
. (2.26)
Using (2.26), the time derivative of the momentum p = mx˙ can be re-written in the
form of
−
∂Hλ
∂x
= m
d
dt
(
∂Hλ
∂p
)
−
1
m
∂Hλ
∂x
= p˙
∂2Hλ
∂p2
+
p
m
∂2Hλ
∂p∂x
. (2.27)
Inserting Hλ into (2.27), we obtain
d2K
dp2
+
1
mp˙B
dB
dx
(
p
dK
dp
+K
)
= 0 . (2.28)
To solve the differential equation, we define
1
mp˙B
dB
dx
≡W , (2.29)
where W is a constant to be determined. Using the equation of motion (2.4), we
find that the B takes the form of
B(x) = β1e
−mWV (x) , (2.30)
where β1 is a constant. Substituting (2.29) into (2.28), it is easily to see that
K(p) = β2e
−
Wp2
2 , (2.31)
where β2 is also a constant. Then the multiplicative Hamiltonian is given by
Hλ(p, x) = κe
−
Wp2
2 e−mAV (x) ,
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where κ = β1β2 is a new constant. In order to determine the parameters W and κ,
we may proceed the same way as we did in the case of the Lagrangian by choosing
W =
1
m2λ2
and κ = −mλ2 and considering the limit such that λ approaches to
infinity
lim
λ→∞
Hλ = lim
λ→∞
[
−mλ2
(
1−
p2
2m2λ2
+ ...
)(
1−
V (x)
mλ2
+ ...
)]
= lim
λ→∞
[
−mλ2
(
1−
p2
2m2λ2
−
V (x)
mλ2
+ ...
)]
lim
λ→∞
(
Hλ +mλ
2
)
=
p2
2m
+ V (x) = HN , (2.32)
which is the standard Hamiltonian in the additive form (2.3). Finally, the multi-
plicative Hamiltonian is
Hλ(p, x) = −mλ
2e−
HN
mλ2 , (2.33)
which is identical to the one obtained through Legendre transformation.
The last step is to show that the Hamiltonian in (2.33) yields the same equation
of motion as that obtained in the Newtonian mechanics. In order to do this task,
we substitute the Hamiltonian into (2.27)
−
dV (x)
dx
= −
p2
m2λ2
dV (x)
dx
+ p˙
(
−
p2
m2λ2
+ 1
)
−
dV (x)
dx
(
−
p2
m2λ2
+ 1
)
= p˙
(
−
p2
m2λ2
+ 1
)
,
−
dV (x)
dx
= p˙ .
which is nothing but the equation of motion (2.4).
2.3 Infinite hierarchy of Lagrangians
In the previous subsections, we managed to find the alternative forms of the La-
grangian and the Hamiltonian for the system with one degree of freedom. An
extra-parameter λ comes into the system naturally as the limit to the additional
forms of the Lagrangian and the Hamiltonian. In this section, we will explore the
role of the λ in another aspect. In doing so, we start considering the expansion of
the multiplicative form of Lagrangian in (2.17)
Lλ
mλ2
=
(
1 +
T
mλ2
−
1
2! · 3
(
T
mλ2
)2
+ ...+
(−1)j−1
j! · 2j − 1
(
T
mλ2
)j
+ ...
)
(
1−
V
mλ2
+
1
2!
(
V
mλ2
)2
+ ...+
(−1)j
j!
(
V
mλ2
)j
+ ...
)
= 1 +
1
1!mλ2
[T − V ]−
1
2!(mλ2)2
[
T 2
3
+ 2TV − V 2
]
+
1
3!(mλ2)3
[
T 3
5
+ T 2V + 3TV 2 − V 3
]
+ ...
+
(−1)j−1
j!(mλ2)j
[
T j
2j − 1
+
jT j−1V
2j − 3
+
j(j − 1)T j−2V 2
2!(2j − 5)
+ ...+ jTV j−1 − V j
]
+.... , (2.34)
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where the kinetic energy is a function of velocity variable: T = T (x˙). Collecting
the coefficients in the expansion, we obtain
O
(
1
1!(mλ2)1
)
: L1 ≡ T − V . (2.35a)
O
(
1
2!(mλ2)2
)
: L2 ≡
T 2
3
+ 2TV − V 2 . (2.35b)
O
(
1
3!(mλ2)3
)
: L3 ≡
T 3
5
+ T 2V + 3TV 2 − V 3 . (2.35c)
.
.
.
O
(
1
j!(mλ2)j
)
: Lj ≡
T j
2j − 1
+
jT j−1V
2j − 3
+
j(j − 1)T j−2V 2
2!(2j − 5)
+...+ jTV j−1 − V j . (2.35d)
.
.
.
which form a set of infinite number of Lagrange functions: {L1,L2,L3, ...,Lj , ...},
called an infinite hierarchy of Lagrangians. Furthermore, we find that
Lj−1 =
1
j
∂Lj
∂V
, (2.36)
L1 =
1
j!
∂j−1Lj
∂V j−1
, (2.37)
if we treat the potential energy as a variable. With (2.35), (2.34) can be written in
a compact form
Lλ =
∞∑
j=0
1
j!
(
−1
mλ2
)j−1
Lj , (2.38)
where
Lj =
j∑
k=0
[
j!T j−kV k
(j − k)!k!(2j − (2k + 1))
]
. (2.39)
Interestingly, Lagrangians in the hierarchy produce the same equation of motion
(2.1). To see this, we compute
⇒
∂Lj
∂x
=
j∑
k=1
[
j!T j−kV k−1
(j − k)!(k − 1)!(2j − (2k + 1))
]
dV
dx
=
j−1∑
k=0
[
j!T j−k−1V k
(j − k − 1))!k!(2j − (2k + 3))
]
dV
dx
=
(
j−2∑
k=0
[
j!T j−k−1V k
(j − k − 1))!k!(2j − (2k + 3))
]
+
j!V j−1
(j − 1)!(−1)
)
dV
dx
.
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⇒
∂Lj
∂x˙
=
j−1∑
k=0
[
j!T j−k−1V k
(j − k − 1)!k!(2j − (2k + 1))
]
mx˙ .
⇒ x˙
∂2Lj
∂x∂x˙
=
j−1∑
k=1
[
j!T j−k−1V k−1
(j − k − 1)!(k − 1)!(2j − (2k + 1))
]
mx˙2
dV
dx
=
j−1∑
k=1
[
j!T j−kV k−1
(j − k − 1)!(k − 1)!(2j − (2k + 1))
]
2
dV
dx
=
j−2∑
k=0
[
2j!T j−k−1V k
(j − k − 2)!k!(2j − (2k + 3))
]
dV
dlx
.
⇒ x¨
∂2Lj
∂2x˙
= x¨
(
j−1∑
k=0
[
j!T j−k−1V k
(j − k − 1)!k!(2j − (2k + 1))
]
m
+
j−2∑
k=0
[
j!T j−k−2V k
(j − k − 2)!k!(2j − (2k + 1))
]
m2x˙2
)
=
j−1∑
k=0
[
j!T j−k−1V k
(j − k − 1)!k!(2j − (2k + 1))
]
mx¨
+
j−2∑
k=0
[
2j!T j−k−1V k
(j − k − 2)!k!(2j − (2k + 1))
]
mx¨
=
(
j−2∑
k=0
[
j!T j−k−1V k
(j − k − 1)!k!
(
1 + 2(j − k − 1)
(2j − (2k + 1))
)]
+
j!V j−1
(j − 1)!
)
mx¨
=
(
j−2∑
k=0
[
j!T j−k−1V k
(j − k − 1)!k!
]
+
j!V j−1
(j − 1)!
)
mx¨ .
We insert above results into the Euler-Lagrange equation
∂Lj
∂x
− x˙
∂2Lj
∂x∂x˙
− x¨
∂2Lj
∂2x˙
= 0 ,
which yields the equation of motion (2.1).
According to the structure of the infinite hierarchy of Lagrangians, we may consider
the multiplicative form of the Lagrangian as a generating function for Lagrange
polynomial2 in (2.35) and the parameter λ plays as a mathematical tool to go from
the multiplicative form to the additive form of the Lagrangian.
Next, we will look for the Hamiltonian corresponding to each Lagrangian Lj in
2Of cause, we did not mean to Lagrange interpolating polynomial, but rather polynomial in terms of
kinetic and potential energies.
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the hierarchy. First, we may start by working on Legendre transformation
Hj = x˙
∂Lj
∂x˙
− Lj
=
j−1∑
k=0
[
2j!T j−kV k
(j − k − 1)!k!(2j − (2k + 1))
]
−
j∑
k=0
[
j!T j−kV k
(j − k)!k!(2j − (2k + 1))
]
=
j−1∑
k=0
[
j!T j−kV k
(j − k)!k!
(
2(j − k)− 1
(2j − (2k + 1))
)
−
V j
(−1)
]
=
j−1∑
k=0
[
j!T j−kV k
(j − k)!k!
+ V j
]
=
j∑
k=0
[
j!T j−kV k
(j − k)!k!
]
= (T + V )j = HjN , (2.40)
where the kinetic energy is expressed in terms of the momentum variable: T = T (p).
Second, we may perform the expansion on the Multiplicative Hamiltonian
Hλ = −mλ
2e−
T+V
mλ2
=
∞∑
j=0
1
j!
(
−1
mλ2
)j−1
(T + V )j
=
∞∑
j=0
1
j!
(
−1
mλ2
)j−1
Hj . (2.41)
Then we now also obtain a hierarchy of the Hamiltonians: {H1,H2,H3, ...,Hj , ...} =
{HN ,H
2
N ,H
3
N , ...,H
j
N , ...} which can be transformed to Lagrangian hierarchy (2.35)
through the Legendre transformation (2.40).
Note: For a harmonic oscillator, the hierarchy of the Hamiltonians can be obtained
through the existence of the spatial Lax matrix L given by [7]
L =
(
p ωx
ωx −p
)
, (2.42)
where the mass is set to be unity. The conserved quantities or Hamiltonians are
Tr(L2l) = 2(2H)l, where 2H = p2 + ω2x2, and Tr(L2l+1) = 0.
3 Relativistic case
In this section, we extend the idea to the case of the relativistic case with a system
of one degree of freedom for searching the multiplicative forms of Lagrangian and
Hamiltonian. The equation of motion of the system is given by
mx¨γ3 = −
dV (x)
dx
, (3.1)
where m is defined as the rest mass and
γ =
1√
1− x˙
2
c2
.
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The parameter c is the speed of light. The standard additive form of relativistic
Lagrangian and relativistic Hamiltonian are given by
Lc(x˙, x) = −
mc2
γ
− V (x) , (3.2)
Hc(p, x) = γmc
2 + V (x) = mc2
√
1 +
( p
mc
)2
+ V (x) , (3.3)
where p = γmx˙ is the relativistic momentum.
3.1 Multiplicative relativistic Lagrangian
In this section, we will proceed the same technique as shown in section 2 to solve the
multiplicative form of the relativistic Lagrangian for the system in (3.1). We start to
introduce the Ansatz form of the Lagrangian as L = M(x˙)N(x) , where M(x˙) and
N(x) will be determined. We substitute the Lagrangian into the Euler-Lagrangian
equation
∂L
∂x
−
d
dt
(
∂L
∂x˙
)
= 0 . (3.4)
Then we obtain
d2M
dx˙2
+
(
x˙
dM
dx˙
−M
)
1
x¨N
dN
dx
= 0 , (3.5)
and we impose the equation of motion on (3.5) yielding
d2M
dx˙2
+
(
x˙
dM
dx˙
−M
)
γ3C1 = 0 , (3.6)
where
1
N
dN
dx
= −
C1
m
dV
dx
, (3.7)
and C1 is to be identified. Solving (3.6) and (3.7), we obtain M and N in the form
M(x˙) = −C3
(
e−C1c
2γ + C1x˙
∫ x˙
0
γ3ve
−C1c
2γvdv
)
, and γv =
1√
1− v
2
c2
,(3.8)
N(x) = C2e
−
C1V (x)
m , (3.9)
where C2 and C3 are constants to be determined. Using (3.8) and (3.9), the multi-
plicative Lagrangian becomes
L(x, x˙) = −C2C3
(
e−C1c
2γ + C1x˙
∫ x˙
0
γ3ve
−C1c
2γvdv
)
e−
C1V (x)
m .
We choose C2C3 = −mλ
2 and C1 =
1
λ2
, where λ is again in the velocity unit. The
multiplicative relativistic Lagrangian takes the form
Lλ,c(x, x˙) = mλ
2
(
e−
γc2
λ2 +
x˙
λ2
∫ x˙
0
γ3ve
−
γvc
2
λ2 dv
)
e−
V (x)
mλ2 , (3.10)
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which depends on two parameters, i.e., λ and c. To see the role of these parameters,
we consider the following situations.
Non-multiplicative limit: We find that if λ is very large the multiplicative rela-
tivistic Lagrangian is reduced to the standard relativistic Lagrangian (3.2)
lim
λ→∞
Lλ,c(x, x˙) = mλ
2
(
1−
γc2
λ2
+
x˙
λ2
∫ x˙
0
γ3vdv −
V (x)
mλ2
)
= mλ2 −mc2

 1− x˙2c2√
1− x˙
2
c2

− V (x)
= mλ2 + Lc(x˙, x) . (3.11)
Non-relativistic limit: If we take the limit: x˙ << c the multiplicative relativistic
Lagrangian becomes the multiplicative non-relativistic Lagrangian
lim
x˙<<c
Lλ,c(x, x˙) = lim
x˙<<c
mλ2
[
e
−
c2
λ2
(
1+ x˙
2
2c2
+...
)
+
x˙
λ2
∫ x˙
0
(
1 +
3v2
2c2
+ ...
)
×e
−
c2
λ2
(
1+ v
2
2c2
+...
)
dv
]
e−
V (x)
mλ2
= mλ2e−
c2
λ2
(
e−
x˙2
2λ2 +
x˙
λ2
∫ x˙
0
e−
v2
2λ2 dv
)
e−
V (x)
mλ2
= e−
c2
λ2Lλ(x, x˙) , (3.12)
which the factor e−
c2
λ2 makes no effect on the equation of motion.
When taking both limits in either sequences, it leads to the same result
lim
x˙<<c
λ→∞
Lλ,c(x, x˙) = mλ
2 −mc2 + LN (x˙, x) , (3.13)
which is the standard non-relativistic Lagrangian.
The last task is to demonstrate that the multiplicative Lagrangian (3.10) gives
the correct equation of motion. We find that
∂Lλ,c
∂x˙
= me−
V
mλ2
∫ x˙
0
(
1−
v2
c2
)− 3
2
e
−
c2
λ2
(
1− v
2
c2
)
−
1
2
dv .
d
dt
(
∂Lλ,c
∂x˙
)
= mx¨e−
V
mλ2
(
1−
x˙2
c2
)
−
3
2
e
−
c2
λ2
(
1− x˙
2
c2
)
−
1
2
−
x˙e−
V
mλ2
λ2
[∫ x˙
0
(
1−
v2
c2
)− 3
2
e
−
c2
λ2
(
1− v
2
c2
)
−
1
2
dv
]
dV
dx
.
∂Lλ,c
∂x
= −e−
V
mλ2
[
e
−
c2
λ2
(
1− x˙
2
c2
)
−
1
2
+
x˙
λ2
∫ x˙
0
(
1−
v2
c2
)− 3
2
e
−
c2
λ2
(
1− v
2
c2
)
−
1
2
dv
]
dV
dx
.
We then substitute into the Euler-Lagrange equation
∂Lλ,c
∂x
−
d
dt
(
∂Lλ,c
∂x˙
)
= 0 ,
yielding (3.1).
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3.2 Multiplicative relativistic Hamiltonian
In the previous subsection, we successfully constructed the multiplicative relativistic
Lagrangian. In this section, we will compute the corresponding multiplicative rela-
tivistic Hamiltonian. We may start to perform the naive Legendre transformation
Hλ,c = x˙
∂Lλ,c
∂x˙
− Lλ,c
= x˙
(∫ x˙
0
γ3ve
−
γvc
2
λ2 dv
)
e−
V (x)
mλ2 −mλ2
(
e−
γc2
λ2 +
x˙
λ2
∫ x˙
0
γ3ve
−
γvc
2
λ2 dv
)
e−
V (x)
mλ2
= −mλ2e−
γc2
λ2 e−
V (x)
mλ2 = −mλ2e−
Hc
mλ2 , (3.14)
which is in the multiplicative form.
Next we will directly construct the multiplicative relativistic Hamiltonian. Here
we take the Ansatz form of the Hamiltonian Hλ,c(p, x) = P (p)Q(x) and use the
Hamilton’s equation
x˙ =
∂Hλ,c
∂p
, p˙ = −
∂Hλ,c
∂x
. (3.15)
Equating these two equations, we obtian
−
∂Hλ,c
∂x
=
d
dt
(
γm
∂Hλ,c
∂p
)
−
1
m
∂Hλ,c
∂x
= γ
(
p˙
∂2Hλ,c
∂p2
+
p
γm
∂2Hλ,c
∂p∂x
)
+
∂Hλ,c
∂p
pp˙
γm2c2
. (3.16)
Inserting Hλ,c into (3.16), we obtain
γ
d2P
dp2
+
1
mp˙Q
dQ
dx
(
p
dP
dp
+ P
)
+
p
γm2c2
dP
dp
= 0 . (3.17)
We now set
1
mp˙Q
dQ
dx
= C4 ⇒
1
Q
dQ
dx
= −m
dV
dx
C4 , (3.18)
where p˙ = −dV/dx has been used and C4 is a constant to be determined. We then
have
γ
d2P
dp2
+
p
γm2c2
dP
dp
+ C4
(
p
dP
dp
+ P
)
= 0 . (3.19)
Solving (3.18) and (3.19), we obtain functions P and Q leading to the Hamiltonian
Hλ,c = C5e
−C4m
2c2γe−C4mV (x) ,
where C5 is a constant to be also determined. We now choose C4 =
1
m2λ2
and
C5 = −mλ
2 leading to the multiplicative relativistic Hamiltonian in form
Hλ,c(p, x) = −mλ
2e−
γc2
λ2 e−
V (x)
mλ2 , (3.20)
13
which is identical to (3.14).
Non-multiplicative limit: For the case of vary large λ, we have
lim
λ→∞
Hλ,c = − lim
λ→∞
[
mλ2
(
1−
γc2
λ2
+
γ2c4
2!λ4
+ ...
)(
1−
V
mλ2
+
V 2
2!m2λ4
+ ...
)]
= −mλ2 +Hc , (3.21)
where Hc is the standard relativistic Hamiltonian.
Non-relativistic limit: The multiplicative Hamiltonian (3.20) can be reduced
to the form by consider the non-relativistic limit: p << mc
lim
p<<mc
Hλ,c = − lim
p<<mc
[
m0λ
2e
−
c2
λ2
(
1+ p
2
2m2c2
+...
)
e−
V
mλ2
]
= e−
c2
λ2Hλ , (3.22)
where Hλ is the multiplicative non-relativistic Hamiltonian.
Again when taking both limits in either sequences, it leads to the same result
lim
x˙<<c
λ→∞
Hλ,c(p, x) = −mλ
2 +mc2 +HN (p, x) , (3.23)
which is the standard non-relativistic Hamiltonian.
The last step, we will show that the multiplicative relativistic Hamiltonian gives the
correct relativistic equation of motion. Substituting Hamiltonian (3.20) in (3.16),
we obtain
− e−
γc2
λ2 e−
V
mλ2
dV
dx
= e−
γc2
λ2 e−
V
mλ2
[(
1−
p2
γm2λ2
)
p˙−
p2
γm2λ2
dV
dx
]
0 = e−
γc2
λ2 e−
V
mλ2
[(
1−
p2
γm2λ2
)(
p˙+
dV
dx
)]
p˙ = −
dV
dx
, (3.24)
which is the desired equation of motion (3.1).
3.3 Infinite hierarchy of relativistic Lagrangian
In previous subsections, we obtained the multiplicative relativistic Lagrangian and
Hamiltonian that yield the same relativistic equation of motion as those for the case
of the standard Lagrangian and Hamiltonian. The two successive limits have been
performed, i.e., on the parameter λ and on the parameter c.
In this section, we consider alternative limit on the parameter λ called the perturba-
tive limit. We begin to consider the expansion multiplicative relativistic Lagrangian
14
with respect to the parameter λ
Lλ.c = mλ
2

 ∞∑
j=0
1
j!
(
−
c2
λ2
)j
γj +
x˙
λ2
∫ x˙
0
∞∑
j=0
1
j!
(
−
c2
λ2
)j
γj+3v dv

 e− Vmλ2
= mλ2

1 + ∞∑
j=1
1
j!
(
−
c2
λ2
)j
γj −
x˙
c2
∫ x˙
0
∞∑
j=1
1
(j − 1)!
(
−
c2
λ2
)j
γj+2v dv

 e− Vmλ2
= mλ2

1 + ∞∑
j=1
1
j!
(
−
c2
λ2
)j (
γj −
jx˙
c2
∫ x˙
0
γj+2v dv
) e− Vmλ2 . (3.25)
We now introduce the functions Pj = γ
j −
jx˙
c2
∫ x˙
0
γj+2v dv, i.e.,
P1 =
1
γ
,
P2 = 1−
x˙
c
ln
(
x˙γ2
c
)
,
P3 = γ
(
1−
2x˙2
c2
)
,
P4 = γ
2
(
1−
3x˙2
2c2
)
−
3x˙
2c
ln
(
x˙γ2
c
)
,
.
.
.
Therefore, the Lagrangian (3.25) can be expanded in terms of functions Pj
Lλ.c = mλ
2
[
1−
c2
λ2
P1 +
c4
2!λ4
P2 −
c6
3!λ6
P3 + ...
] [
1−
V
mλ2
+
V 2
2!(mλ2)2
−
V 3
3!(mλ2)3
+ ...
]
= mλ2 −
[
mc2P1 + V
]
+
1
2!mλ2
[
(mc2)2P2 + 2mc
2
P1V + V
2
]
−
1
3!(mλ2)2
[
(mc2)3P3 + 3(mc
2)2P2V + 3(mc
2)P1V
2 + V 3
]
+ ....
−
1
j!
(
−1
mλ2
)j−1 [
(mc2)jPj + j(mc
2)j−1Pj−1V
+j(j − 1)(mc2)j−2Pj−2V
2 + ...+ V j
]
+ ....
=
∞∑
j=0
1
j!
(
−1
mλ2
)j−1
Lj,c , (3.26)
where
Lj,c = −
j∑
k=0
[
j!
(j − k)!k!
(mc2)j−kPj−kV
k
]
. (3.27)
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Equation (3.26) suggests that there exists an infinite set {L1,c,L2,c,L3,c, ...,Lj,c, ...},
called an infinite hierarchy of relativistic Lagrangians, such that
L1,c ≡ −P1m0c
2 − V (3.28a)
L2,c ≡ −P2(m0c
2)2 − 2P1m0c
2V − V 2 (3.28b)
L3,c ≡ −P3(m0c
2)3 − 3P2(m0c
2)2V − 3P1m0c
2V 2 − V 3 (3.28c)
.
.
.
Lj, c ≡ −Pj(m0c
2)j − jPj−1(m0c
2)j−1V − j(j − 1)Pj−2(m0c
2)j−2V 2 − ...
−jP1V
j−1 − V j (3.28d)
.
.
.
Furthermore, we find the relations
∂Lj,c
∂V
= jLj−1,c , (3.29)
∂j−1Lj,c
∂V j−1
= j!L1,c . (3.30)
An interesting point is that all Lagrangians in (3.28) produce the same relativistic
equations of motion (3.1). In order to prove the statement, we compute
∂Lj,c
∂x˙
=
j−1∑
k=0
[
j!
(j − k)!k!
(
j − k
c2
)∫ x˙
0
γj−k+2v dv(mc
2)j−kV k
]
,
x¨
∂2Lj,c
∂x˙2
=
j−1∑
k=0
[
j!
(j − k)!k!
(
j − k
c2
)
γj−k+2v (mc
2)j−kV k
]
x¨ ,
x˙
∂2Lj,c
∂x∂x˙
=
j−1∑
k=1
[
j!
(j − k)!(j − 1)!
(
j − k
c2
)∫ x˙
0
γj−k+2v dv(mc
2)j−kV k−1
]
x˙
dV
dx
,
∂Lj,c
∂x
= −
j∑
k=1
[
j!
(j − k)!(k − 1)!
(mc2)j−kPj−kV
k−1
]
dV
dx
.
Substituting into the Euler-Lagrange equation
∂Lj,c
∂x
− x˙
∂2Lj,c
∂x∂x˙
= x¨
∂2Lj,c
∂x˙2
, (3.31)
which gives the relativistic equation of motion (3.1).
By working on Legendre transformation, we find the Hamiltonian that corresponds
to the Lagrangian Lj,c
Hj,c = x˙
∂Lj,c
∂x˙
− Lj,c
= −
j−1∑
k=0
[
j!
(j − k)!k!
(mc2)j−k
(
−
(j − k)x˙
c2
∫ x˙
0
γj−k+2v dv − Pj−k
)
V k
]
− V k
=
j∑
k=0
j!
(j − k)!k!
(γmc2)j−kV k =
(
γmc2 + V
)j
= Hjc . (3.32)
16
Equation (3.32) suggests that by performing the Legendre transformation on each
Lagrangian in the hierarchy we can construct also the infinite hierarchy of Hamilto-
nians: {H1,c,H2,c, ...,Hj,c, ...} = {Hc,H
2
c , ....,H
j
c , ...}. Alternatively, we can directly
expand the multiplicative relativistic Hamiltonian
Hλ,c = −mλ
2
(
1−
γc2
λ2
+
1
2
(
γc2
λ2
)2
+ ...
)(
1−
V
mλ2
+
1
2
(
V
mλ2
)2
+ ....
)
=
∞∑
j=0
1
j!
(
−1
mλ2
)j−1
(γmc2 + V )j
=
∞∑
j=0
1
j!
(
−1
mλ2
)j−1
Hj,c . (3.33)
Finally, we will show that Hamiltonians in the infinite hierarchy also yield the same
equation of equation. Using (3.16), we find that
−
∂Hj,c
∂x
=
d
dt
(
γm
∂Hj,c
∂p
)
−Hj−1c
dV
dx
= Hj−1c p˙+ p(j − 1)H
j−2
c
(
p
γm
p˙+ x˙
dV
dx
)
−
(
Hj−1c + (j − 1)H
j−2
c
p2
γm
)
dV
dx
=
(
Hj−1c + (j − 1)H
j−2
c
p2
γm
)
p˙
−
dV
dx
= p˙ ,
which is nothing but the desired equation of motion.
4 Summary
For the system with one degree of freedom, we successfully derive an alternative
class, called the multiplicative form, of the Lagrangian Lλ which is an extended
class of the Lagrangian through the variable λ both the relativistic case and non-
relativistic case. A remarkable result here is that the multiplicative form of the
Lagrangian is actually a generating function for an infinite hierarchy of Lagrangians
producing the same equation of motion. To the best of our knowledge, this is the
first time that a nontrivial set of Lagrangians, in terms of polynomial of kinetic and
potential energies, has been systematically produced. Then the result in this paper
again confirms a feature called the non-uniqueness of the Lagrangian apart from
multiplying by a constant or adding the total time derivative term.
The question is still open for the case of higher degrees of freedom. We do try
to extend the idea to the case of two degrees of freedom by considering the system
with the two identical particles interacting through an even potential function and
succeed to construct the multiplicative form of the Lagrangian in appendix A. An-
other question is whether there are other classes of the Lagrangian, apart from these
additive form and multiplicative form or not. If so, it may exist an universal form
of the Lagrangian. This line of research is also worth pursuing. One more remark
that we would like to make is about the quantisation of the system. It is known that
we can quantise the system through the Feynman path integrals for the standard
additive form of the Lagrangian. One may ask what is the Feynman’s quantisation
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method for the multiplicative Lagrangian. We will seriously answer this question
elsewhere.
A One dimensional two-particle system
In this section, the idea is extended to the case of a system of two identical particles
in one dimension. The Hamiltonian of the system is given by
HN (p1, p2, x1, x2) =
p1
2
2m
+
p2
2
2m
+ V (x1 − x2) , (A.1)
where V (x1 − x2) is the even function and may take the form of
V (x1 − x2) =


g2(x1 − x2)
2 :Harmonic interaction ,
g2
(x1 − x2)
2 :Calogero-Moser intereaction [3].
(A.2)
where g is a coupling constant. The equations of motion for each particle reads
x¨1 =
1
m
∂V (x1 − x2)
∂x1
, (A.3a)
x¨2 = −
1
m
∂V (x1 − x2)
∂x2
. (A.3b)
The additive Lagrangian of the system is
LN (x˙1, x˙2, x1, x2) =
1
2
mx˙1
2 +
1
2
mx˙2
2 − V (x1 − x2) , (A.4)
which can be obtained through Legendre transformation LN = p1x˙1 + p2x˙2 −HN .
To decouple the variables x1 and x2 in (5.3a) and (5.3b), the new set of variables,
namely, X = x1 + x2 and x = x1 − x2 are used; and hence, (5.3a) and (5.3b) can
be re-written as
X¨ = 0 , (A.5a)
x¨ = −
2
m
dV (x)
dx
. (A.5b)
Equation (A.5a) describes the motion of the centre of mass whereas (A.5b) describes
the motion of the system in terms of the relative position between two particles.
We are now looking for the multiplicative Lagrangian in terms of the variables
X and x corresponding to (5.5a) and (5.5b). Employing the result in the case of
one particle, the multiplicative Lagrangian for two particles which describes the
motion of free particle and the particle in the potential is
Lλ(X˙, x˙, x) =
mλ2
2
(
f(X˙) + f(x˙)g(x)
)
, (A.6)
where f and g are already defined in Section 2. However, we repeatedly give them
here again
f(u˙) = e−
u˙2
2λ2 +
u˙
λ2
∫ u˙
0
e−
ξ2
2λ2 dξ ,
g(u) = e−
2V (u)
mλ2 .
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To see how the Lagrangian given by (A.6) leads to the equations of motion given by
(A.5), we first put the Lagrangian into the Euler-Lagrange equation for the variable
X
∂Lλ
∂X
−
d
dt
(
∂Lλ
∂X˙
)
= 0
0−
d
dt
(
df(X˙)
dX˙
)
= 0
X¨
(
m
∫ X˙
0
e
−ξ2
2λ2 dξ
)
= 0 .
This results in X¨ = 0. Next, we substitute the Lagrangian into the Euler-Lagrange
equation for the variable x
∂Lλ
∂x
−
d
dt
(
∂Lλ
∂x˙
)
= 0
f(x˙)
dg(x)
dx
− x¨g(x)
d2f(x˙)
dx˙2
− x˙
dg(x)
dx
df(x˙)
dx˙
= 0
f(x˙)e−
2V (x)
mλ2
(
−2
mλ2
dV (x)
dx
)
− x¨e−
2V (x)
mλ2
d2f(x˙)
dx˙2
−x˙e−
2V (x)
mλ2
(
−2
mλ2
dV (x)
dx
)
df(x˙)
dx˙
= 0(
−2
mλ2
dV (x)
dx
)(
f(x˙)− x˙
df(x˙)
dx˙
)
− x¨
d2f(x˙)
dx˙2
= 0(
−2
mλ2
dV (x)
dx
−
x¨
λ2
)(
e−
x˙2
2λ2
)
= 0
⇒ x¨ = −
2
m
dV (x)
dx
,
which is indeed the equation of motion for x variable.
In addition, in the limit that λ approaches to infinity, the multiplicative Lagrangian
becomes
lim
λ→∞
Lλ = lim
λ→∞
[
mλ2
(
1 +
X˙2
4λ2
+
x˙2
4λ2
−
V (x)
mλ2
+ . . .
)]
= lim
λ→∞
[
mλ2 +
m(x˙1 + x˙2)
2
4
+
m(x˙1 − x˙2)
2
4
− V (x1 − x2) + . . .
]
= lim
λ→∞
[
mλ2 +
mx˙21
2
+
mx˙22
2
− V (x1 − x2) + . . .
]
lim
λ→∞
{Lλ −mλ
2} =
mx˙21
2
+
mx˙22
2
− V (x1 − x2) = LN
which yields the additive Lagrangian.
The multiplicative form of the Hamiltonian is given by
Hλ = −
mλ2
2
(k(P ) + k(p)b(x)) , (A.7)
where
k(p) = e−
p2
2m2λ2 , (A.8)
b(x) = e−
V
mλ2 , (A.9)
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and p = p1 − p2 and P = p1 + p2. The p1 = mx˙1 and p2 = mx˙2 are momenta
for the primary and secondary particles, respectively. It is easy to show that the
Hamiltonian given by (A.8) gives the equations of motion, i.e., (A.5). Firstly, we
consider the equation of motion for the centre of mass
−
∂Hλ
∂X
= m
d
dt
(
∂Hλ
∂P
)
0 = −
m2λ2
2
d
dt
(
dk(P )
dP
)
0 = P˙ k(P ) ,
which P is a constant. Secondly, we consider the equation for x variable
−
∂Hλ
∂x
= m
d
dt
(
∂Hλ
∂p
)
−k(p)b(x)
dV (x)
dx
=
1
2
d
dt
(pk(p)b(x))
=
1
2
(
pk(p)
db(x)
dt
+ b(x)
d(pk(p))
dt
)
=
1
2
[
−
2p2k(p)b(x)
m2λ2
dV (x)
dx
+ b(x)p˙
(
−
p2
m2λ2
k(p) + k(p)
)]
−
dV (x)
dx
=
1
2
[
−
2p2
m2λ2
dV
dx
+ p˙
(
−
p2
m2λ2
+ 1
)]
−2
dV (x)
dx
(
−
p2
m2λ2
+ 1
)
= p˙
(
−
p2
m2λ2
+ 1
)
⇒ p˙ = −2
dV (x)
dx
,
which is again the equation of motion that we expected.
Finally, we are interested to see how the multiplicative Hamiltonian behaves un-
der the limit for very large λ
lim
λ→∞
Hλ = −
mλ2
2
lim
λ→∞
(
2−
P 2 + p2
2m2λ2
−
2V
mλ2
+ ...
)
lim
λ→∞
(
Hλ +mλ
2
)
=
P 2 + p2
4m
+ V =
p21
2m
+
p22
2m
+ V = HN ,
which is nothing but the standard Hamiltonian in the additive form.
For the case of higher number of particles, especially the Calogero-Moser type sys-
tems [4, 5, 6], there exists a hierarchy of the Lagrangians which are all in the additive
form. Then it is interesting to see whether we could find the corresponding hierarchy
of the multiplicative Lagrangians.
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